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Introduction

HE objective of the present study is the implementation

and testing of a linear approximate analysis scheme for
the Euler equations, where the treatment of variations in
geometric shape is the focus. The method is potentially useful
for engineers who must apply modern computational fluid
dynamics (CFD) software in a design environment. Detailed
documentation of the present work is found in Ref. 1. Ap-
proximate analysis is very closely related to a design-oriented
discipline known as sensitivity analysis, which involves the
calculation of slopes, known as sensitivity derivatives, which
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are defined as the derivatives of the responses of interest of a
particular system with respect to the independent (design)
variables of interest.?-¢

Of particular interest and concern in this research is the use
of slopes to predict solution changes in the presence of discon-
tinuities in the flowfield (e.g., shock waves in supersonic flow).
Although in the discretization of the governing equations
these discontinuities are typically approximated by a continu-
ously differentiable set of algebraic equations, nevertheless,
the slopes which are found in a numerical solution in the
neighborhood of shocks can fluctuate wildly. Thus a potential
difficulty with the technique is identified at the outset, and its
effect could vary depending on the particular flowfield and the
strength of the discontinuities.

Presentation of Theory

The governing equations considered here are the two-di-
mensional Euler equations, and are solved in integral conser-
vation law form using a cell-centered finite volume formula-
tion.”® Higher-order accurate upwind discretization of the
spatial terms is accomplished using the continuously differen-
tiable flux-vector splitting procedure of van Leer.® Numerical
integration of the equations in time to steady state is imple-
mented through implicit discretization and ‘‘delta’’ form lin-
earization in time, resulting in the solution at each time step of
a large system of linear equations. In essence, steady-state
solution of the governing equations is replaced (approx-
imately) by solution of a large system of simultaneous nonlin-
ear algebraic equations over the domain, given as

{R(Q"}=1{0) 6}

where the vector {Q*}, the “‘root,”’ is the steady-state solu-
tion for the field variables.

In modern CFD solutions of fluid-flow problems, the geo-
metric shape of the computational domain is defined by the
computational mesh, which is generally ‘‘body-oriented.”” A
computational mesh is of course defined by the complete set
of (x,y) coordinates of the intersection points of *he grid lines,
and is represented symbolically here as the vector {X}. Con-
sider a particular fluid-flow problem for which the computa-
tional mesh {X;} has been defined, and for which a conven-
tional steady-state solution {Q7}} is known; that is

(R(QT, X)) = {0} @

Note in Eq. (2) that the explicit functional dependence of the
steady-state discrete algebraic equations on the physical (x,y)
coordinates of the mesh is now emphasized. Consider next a
second fluid-flow problem, similar to the first except that the
geometric shape is different. This defines a second mesh {X,}
given by

{R(Q3, X)) = {0} 3

A Taylor series expansion about {R(Q}, X1)} is (neglecting
higher-order terms)

AR (OF
(RO}, X»)) = (R}, X))} + [%} (AQ*)
BR(Q}, X))
" [————ax ]{AX} @

where
{AQ*} = {037} — (O} and {AX)={X,]-{Xi}] (5

Since the steady-state solutions satisfy Egs. (2) and (3), Eq. (4)
becomes

IR(QT, XD « _ | 3R(QT, X))
—[ 20 ]{AQ}—[ aX }{AX} ©
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Fig.2 Subsonic nozzle (M- = 0.85, ¢ = 5.5 deg).
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Fig.3 Subsonic nozzle (M = 0.85, ¢ = 7.0 deg).

Equation (6) is the central relationship of the basic approx-
imation technique, and understanding it and its potential use-
fulness is the primary purpose here. When a particular geo-
metric shape variation of interest, {X,}, is specified, then
{AX} and thus the entire right-hand side of Eq. (6) is known.
The vector {AQ™*}, the predicted incremental change in the
steady-state solution, is the basic unknown and the solution
immediately yields an estimate for {Q3}. In principle, Eq. (6)
can be solved by either 1) direct LU factorization followed by
forward and backward substitution, or 2) a number of well-
known iterative methods. For a direct solution of Eq. (6),
a single LU factorization of the left-hand side coefficient
matrix can then be reused for an unlimited number of geomet-
ric shape variations, {AX }. When direct solution of Eq. (6) is
not feasible, then an iterative algorithm will be the only re-
course, with multiple solutions for multiple geometric shape
variations.

The use of Eq. (6) involves two large, sparse, banded Jacobian
matrices. On the left-hand side of Eq. (6), the terms of the
Jacobian matrix

[aR (2 Xl)]
EYs)

are well understood and documented, as they are used in CFD
codes which employ implicit methods for the numerical time

integration of the equations. In addition, Eq. (6) is ideally
suited for implementation with an implicit CFD code which
uses Newton iteration (i.e., the direct solver algorithm!® with
very large time steps) to determine the known steady-state
solution {Q}}. That is, solutions to Eq. (6) are very rapidly
obtained from forward and backward substitution operations
using the previously LU factored left-hand side Jacobian ma-
trix already stored in memory at the final Newton iteration for
{O7}. In typical CFD codes, however, the direct solver ap-
proach is not normally used; other more efficient strategies are
used instead.

Equation (6) is closely related through the chain rule to a
procedure which is used in Refs. 4 and 6 and elsewhere, where
sensitivity derivatives are obtained by direct differentiation
with respect to the independent (design) variables of interest of
the discrete algebraic equations which model the steady-state
governing equations [i.e., Eq. (1) in the present study}]. In Ref.
2, this connection is discussed in greater detail, with applica-
tions to the Euler equations. In this context, it is important to
note that the matrix

[aR (8 Xl)]
X

of Eq. (6) is a useful tool in properly accounting for all changes
that can be felt throughout the entire domain of a typical
body-fitted computational mesh in response to geometric
shape changes on the surface of the mesh. A complete descrip-
tion of the construction of this matrix is found in Ref. 1.

All boundary conditions must be consistently linearized in
delta form and included in the global Jacobian matrices of
both sides of Eq. (6) (e.g., the flow tangency boundary condi-
tion results in nonzero contributions to both matrices). Al-
though it is common practice to neglect this in implicit time-in-
tegration algorithms of typical CFD codes, failure to properly
account for the boundary conditions can seriously degrade the
quality of the predicted results from the approximation
method, as confirmed numerically during preliminary testing
of Eq. (6).

Results

The approximate analysis scheme is applied to two test
cases, including 1) a family of three similarly shaped fully
subsonic nozzles (M,, = 0.85) and 2) a family of three similarly
shaped fully supersonic inlets (M., = 2.0). The basic nozzle/
inlet shape is illustrated in Fig. 1. Conversion from the sub-
sonic nozzle case to the supersonic inlet case involves only an
increase in the freestream Mach number accompanied by ap-
propriate changes to the inflow and outflow boundary condi-
tions. An in-depth description of the test geometry and the
boundary conditions is given in Ref. 1.

The ramp angle ¢ of this simple geometry is a single param-
eter which is varied to generate different (yet closely related)
nozzle/inlet shapes. Three ramp angles, 5.0, 5.5, and 7.0 deg
were selected, and the 5.0-deg geometry was arbitrarily chosen
as the “‘baseline’’ geometry. The 5.5-deg geometry thus repre-
sents a ‘“‘small’’ variation of the 5.0-deg baseline shape, while
the 7.0-deg geometry is a significantly larger variation of the
baseline geometry. Three computational grids were generated,
one for each of these ramp angles, with 41 points in the
streamwise direction, and 31 points in the normal direction,
uniformly spaced in each direction. Because of symmetry,
only the lower half of the domain is gridded.

Machine-zero converged conventional numerical solutions
were obtained for the three test geometries, first for the sub-
sonic nozzle case, then for the supersonic inlet case (for a total
of six numerical solutions). In the subsonic case, these numer-
ical solutions were generated using the well-known spatially
split approximate factorization (AF) time-integration al-
gorithm.!! In the supersonic case, vertical line Gauss-Seidel
(VLGS) relaxation was used.!?
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Using the grid and conventional numerical solutions ob-
tained previously for the 5.0-deg geometry as the baseline, the
approximation method [Eq. (6)] was used to generate pre-
dicted numerical solutions for the 5.5- and 7.0-deg geometries,
first for the subsonic case, and then for the supersonic case
(for a total of four predicted numerical solutions). Figures 2-5
illustrate a sample of the numerical results which were pro-
duced in these test cases, where in each figure, the static
pressure (P/P,) is plotted vs distance (x) along the lower wall.
Furthermore, in each figure, three solutions are plotted: 1) the
5.0-deg baseline solution (symbolized with circles); 2) a con-
ventional numerical solution of one of the two shape varia-
tions, i.e., either the 5.5-deg or the 7.0-deg geometry (symbol-
ized with triangles); and 3) the corresponding predicted
numerical solution (symbolized with squares). Thus in each
figure the criterion for “‘success”’ is squares falling on top of
or very close to triangles, which is clearly the case in these
figures. More complete numerical results, including compari-
sons of centerline presures as well as complete pressure con-
tour plots, are provided in Ref. 1.

In generating the predicted numerical results, direct solution
of Eq. (6) was employed. In the subsonic cases, a conventional
vectorized banded matrix solver was employed which takes
advantage of the fact (in terms of both computational work
and storage) that outside of the bandwidth, all elements are
zero. In the supersonic cases, direct solution of Eq. (6) can be
(and is) obtained very efficiently using a single forward sweep
of the VLGS algorithm. (See Ref. 7 for full explanation of
this.)

A short study was undertaken to evaluate and compare the
CPU time requirements for the calculations reported herein,
and is fully documented in Ref. 1. In short, this study noted a
very large savings in CPU time in generating the estimated
numerical solutions using Eq. (6) when compared to the cost
of generating complete new conventional CFD solutions of the
nonlinear equations. Furthermore, when used as a strategy for
generating an improved ‘‘initial guess’® for subsequent use in
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Fig. 4 Supersonic inlet (Mo = 2.0, ¢ = 5.5 deg).
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Fig. 5 Supersonic inlet (Mx = 2.0, ¢ = 7.0 deg).

obtaining the conventional CFD solutions, the linear approxi-
mation strategy produced a net savings in computational cost
of about 20% (compared to the cost of simply using the
baseline solution as the initial guess). It should not be inferred
however that the comparisons of this limited study can be
extrapolated to other flow problems.

Conclusions

This study confirms the possibility of using slopes to accu-
rately predict changes which occur in the field variables of a
given flow problem, in response to small changes in geometric
shape; and at least for some problems, this is possible even in
the presence of discontinuities in the flowfield. Furthermore,
the feasibility of applying the principles of sensitivity analysis
to calculations involving the Euler equations is (at least in
part) confirmed. Although the full potential for gains in com-
putational efficiency through use of the method has not yet
been fully assessed, a brief comparative study of CPU times
found that the procedure shows promise for saving significant
computational work in design oriented CFD applications.
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